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’_?j\” A spatially homogeneous gas mixture consisting of structureless molecules of kind
< A, B, C, D is considered in which the reversible bimolecular reaction A+B = C+D
= > occurs. The Boltzmann equation describing this model gas is solved numerically
O H by using the multigroup method. The collision cross sections correspond to the
(=4 g reactive hard sphere model. Parameters are the heat of reaction, the activation
= O energy and the steric factor. Emphasis in the presentation of the results is laid on
O highly exothermic reactions with large activation energy, in which case the gas
=w undergoes a thermal explosion. It is found that the corrections of the chemical
o
%9 1 This paper was produced from the author’s disk by using the TEX typesetting system.
3§ é Phil. Trans. R. Soc. Lond. A (1993) 342, 413-438 © 1993 The Royal Society
8(2 Printed in Great Britain 413
—d
Ta
=

[ [
The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to éﬁ%%
Philosophical Transactions: Physical Sciences and Engineering. MIKOIY
WwWw.jstor.org


http://rsta.royalsocietypublishing.org/

/,//’ \\
J

A
i P 9

P
4

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

"/\\
A Y

A

i \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

414 G. Kiigerl

rate constants due to translational non-equilibrium effects are noticeable. The
result is a shortening of the reaction period by up to 25%.

1. Introduction

In the collision theory approach to the calculation of chemical reaction rates it
is usually assumed that the distribution functions of translational and internal
degrees of freedom are in thermal equilibrium. A chemical reaction, however,
perturbs the Maxwell-Boltzmann distributions and affects therefore in turn the
rate of reaction. In the case of translational degrees of freedom, the determination
of this non-equilibrium effect requires the solution of the Boltzmann equation.

The influence of perturbed velocity distribution functions on the rate of chem-
ical reactions has been investigated on the basis of the Boltzmann equation in a
number of treatments (see, for example, Shizgal & Karplus 1970; Shizgal 1971;
Boffi & Rossani 1990; and references herein). In most of these studies the effect
of the activation energy on the velocity distribution of the reacting particles was
considered. An energy threshhold for reactive collisions results in a depletion of
hot molecules, and thus reduces the reaction rate in comparison to the equilib-
rium rate. Quantitative assessments of this non-equilibrium effect conclude that
the resulting corrections are small. The molecular-kinetic situation is completely
different if in addition to the activation energy a large heat of reaction is taken into
consideration. Then the thermalization of ‘hot’ product molecules in the ‘cold’
reactant gas leads to an overpopulation of the reactant particle distribution func-
tion at high molecular energies. This effect may overcome the aforementioned
depletion of hot molecules. The result is an increase in the rate of chemical reac-
tion. The effect of the heat of reaction on the velocity distribution functions has
been studied quantitatively by Prigogine & Mahieu (1950) using the Chapman-—
Enskog procedure for solving the Boltzmann equation. It was pointed out that
the heat of reaction increases the reaction rate to an appreciable extent. Koura
(1973) has used a Monte Carlo method to describe a highly exothermic reaction
with low activation energy. He found that the reaction rate can be increased by
more than 100%.

From a practical point of view, an important case seems to be a chemical
reaction with high activation energy and large heat release, as is the case in com-
bustion type reactions. For this situation, no solutions of the Boltzmann equation
have been obtained so far, and the extent of the non-equilibrium effects on the
chemical rate constants is unknown. The aforementioned methods for solving
the Boltzmann equation fail if a large heat of reaction and a high activation
energy are taken into account: the applicability of the usual Sonine polynomial
subapproximation used in the Chapman-Enskog procedure is restricted to small
perturbations of the velocity distributions. The more flexible Monte Carlo tech-
nique faces the problem that in the case of high activation energies only a tiny
fraction of collisions are reactive. Hence a large number of sample particles are
required for an accurate modelling of the reaction process making heavy demands
on the computational facilities. Recently, a consistent numerical method for the
solution of the nonlinear Boltzmann equation applicable to gases with chemical
reactions has been introduced (Kiigerl 1991). This multigroup method reduces

Phil. Trans. R. Soc. Lond. A (1993)


http://rsta.royalsocietypublishing.org/

a
/,// \\
/

A
( P 9

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

"/\\
A Y

A

i \

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Solution of the Boltzmann equation 415

the solution of the Boltzmann equation to the numerical solution of a system of
ordinary differential equations. The method also allows long time integration of
the Boltzmann equation by using stiff ODE solvers.

In the present paper a spatially homogeneous gas consisting of the chemical
species A, B, C and D is considered, in which a reversible bimolecular reaction
of the from

A+B=C+D (1.1)

occurs. In this reaction, a large amount of heat is released in the forward direction.
It is assumed that the molecules of each species are structureless and that they
all have the same mass. The multigroup method is used to solve the Boltzmann
equation of this model gas for various values of the heat of reaction and the
activation energy.

To this microscopic formulation of gas-phase reactions corresponds a macro-
scopic approach involving the concepts of rate coefficients and a thermodynamic
temperature. In this work the reaction cross sections are chosen such that the
rate coefficients for the reaction (1.1) obey the well-known Arrhenius law. It is
the purpose of the present research to demonstrate the discrepancies in the two
different levels of description by comparing the density profiles obtained from the
Boltzmann equation with the solutions of the chemical rate equations.

2. Basic equations

(a) The Boltzmann equation

The one-particle velocity distribution functions fo(v1,t), & = A,B,C,D, are
assumed to be governed by the Boltzmann equation (cf. Ross & Mazur 1961;
Light et al. 1969)

L r7AB T . -
fa Tap &b
B
o fB JBg ]gé
ot = cg + cD 2.1)
fa B=A,..D | J5 JAB
b DC
_fD i _JDg | —JBA i
with
I = [dvs A2 g2 (9es 2) 115 (00, 0s(05,0) = fa(vr, 1) fa(v2,0)].

(2.2)

Here, Igg is the differential cross section for the transition (a, 8) — (7,6), gags is

the relative velocity of the colliding particles a and G, and (2 is the solid scattering

angle. The first term on the right-hand side of equation (2.1) describes the rate

of change of the distribution functions due to elastic collisions. The second term
is the collision integral for reactive collisions.

The normalization of f, is chosen such that the particle density and the density

Phil. Trans. R. Soc. Lond. A (1993)
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416 G. Kigerl
of kinetic energy are defined by

(namT ) /d”< w? >fa(”’t), (2.3)

where k is the Boltzmann constant, m is the particle mass and T, denotes the
temperature of component «.. According to the Boltzmann equation there exists
the following relationship among the reaction rates,

dna . dng . dng . dnp
dt ~ dt  dt  dt’ (2-4)

which corresponds with the reaction mechanism (1.1). For the rates of change of
the overall values
n B Ne
(%n/@T ) B e AZ D (3na/iT > (2.5)

dn/dt =0 (2.6)

one finds

and

dT dng
3t — %
Hdt Q et (2.7)

where (@) is the molecular heat of reaction. Equation (2.7) reflects the fact that
the reaction process under consideration is adiabatic; each molecular reaction in
forward (reverse) direction increases (decreases) the internal energy of the gas by
the amount of heat Q.

The solution of the Boltzmann equation (2.1) obeys an H-theorem (see, for
example, Polak & Khachoyan 1985), according to which the equilibrium solution
must be of the form

3/2 2
d(y) — pea [ ) _mu- =
Sd(v) = ng (271'/@T exp|—5—s |, @ A,B,C,D, (2.8)
where the equilibrium densities satisfy the law of mass action
eq. _eq
nNcp _ Q
niqn%q xp (/@T) (2.9)

The steady state (2.8) with (2.9) defines chemical equilibrium. It is convenient
to speak of a further kind of equilibrium, where the distribution functions also
take the form of a maxwellian but where the densities and the temperature have
not yet reached their final values. We shall refer to this situation as ‘kinetic
equilibrium’.

(b) Cross sections

(i) Total cross section

If two molecules « and [ collide, the result may be an elastic scattering or a
chemical reaction. The total cross section 0,8 consists therefore of an elastic and
a reactive part,

Jaﬁ(E) = Uel(E) + O'r(E). (2.10)
Phil. Trans. R. Soc. Lond. A (1993)
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Solution of the Boltzmann equation 417

For the following, an isotropic scattering angle distribution is assumed. The re-
lation between the integral and the differential cross section for the transition
(e, B) — (7, 6) then reads

o1%(E) = AnI)5(gap), (2.11)

with E being the relative energy of the colliding particles, £ = zlfmgaﬂQ.
In choosing the energy dependence of the cross sections we start with the total
cross section which we assume to be constant:

oap(E) = 0. (2.12)

This hard sphere model has the advantage of yielding a simple expression for the
dimensionless equilibrium reaction rate constants (see below). This is essential
for the comparison of the density plots obtained from the Boltzmann equation
with those obtained from the chemical rate equations, which is the main goal of
the present work.

(ii) Reaction cross sections
For the reaction cross sections in forward and in reverse direction,

or =058, or = 08, (2.13)
respectively, we choose the reactive hard sphere model (cf. Light et al. 1969)
0 if E<Ef,

2.14
61— Ef,/E) if E>Ef. (214)

nyr(E) = {

In this model reactive scattering in the forward (reverse) direction is said to
occur only if the impact parameter and the initial kinetic energy of the colliding
particles are such that on impact the energy along the line of centres exceeds a
threshold value Ef (E;). The molecular activation energies Ef and E} are related
to the heat of reaction by

E* —Ef =Q. (2.15)

The reactive hard sphere model satisfies the principle of microscopic reversibility
(see, for example, Pyun & Ross 1964)

E'o¢(E') = Eo.(E), (2.16)

with £ = E'4+Q. Here, E' and E are the precollisional and postcollisional relative
energies, respectively.

In general not every collision between A and B particles or C and D particles
leads to a reaction, even if the kinetic energy is sufficient. A reaction cannot
occur, for instance, if the geometrical orientation of the colliding particles is not
favourable for product formation. The maximum reaction probability

P=6/c (2.17)
is called the steric factor (cf. Kondrat’ev 1964).

(iii) Cross sections for elastic scattering

Having now chosen the total and the reaction cross sections, the cross sec-
tions for elastic scattering follow from equation (2.10). For all those collisions

Phil. Trans. R. Soc. Lond. A (1993)
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418 G. Kigerl

which cannot result in a chemical reaction, the elastic scattering cross section is
constant:

AC AD BC BD _
O'ggzO'AC:O'ADZO'BC:UBD:O', a—A,...,D. (218)

However, if the outcome of a collision can be either an elastic scattering or a
reaction, one has

oAB(E) = 0 — 0¢(E), (2.19)
oSB(E) = 0 — 0v(E). (2.20)
Note that the cross sections for elastic scattering of the type (A,B) — (A,B)
or (C,D) — (C,D) are not constant, but rather decrease above the respective

activation energy asymptotically to the constant value (1 — P)o.

(¢) Chemical rate equations

Finally in this section, the continuum-based description of this model gas is
presented. The density of each species is governed by a rate equation, which for
component C, for instance, reads

dng/dt = kgnang — kenenp. (2.21)

The reaction rate constants k¢ and k, are usually assumed to depend on tempera-
ture only, i.e. they do not depend explicitly on the density or on time, k # k(nq, t).

Because of equation (2.4) the single equation (2.21) is sufficient to describe
the present reaction process. An expression for the temperature in terms of the
product density nc can be found by considering the adiabatic nature of the
reaction process. Integration of equation (2.7) yields

SnkT(t) = 3nkTh + Q [nc(t) — neol (2.22)

where (ncg,Tp) are the initial values of (ng,T).

It is well known that the relationship among the chemical rate equations and
the Boltzmann equation can be made by defining the rate constant in the forward
direction by

1

nANB

ke =

Javr [dv2 gor(hmg®) fa(v1,0) (v, ), (2.23)

with g = |v; — v2|. The reverse reaction rate k; is given by a similar expression.
It can readily be seen from equation (2.23) that the rate constant depends on
the velocity distribution function of the reactants. The assumption k = k(T") is
therefore in general not valid. However, if the gas is in kinetic equilibrium the
rate constants are functions of the temperature alone. Using the reactive hard
sphere model one obtains (see, for example, Light et al. 1969)

o Pv(T) Ef,
k:f(',r) = T exp <_ﬁ . (224)

Hence, the equilibrium rate constants kg? for reactive hard spheres have the well-

known form of the Arrhenius law, with a pre-exponential factor proportional to
the collision frequency

v(T) = no(166T /7m)/2. (2.25)

Phil. Trans. R. Soc. Lond. A (1993)
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Solution of the Boltzmann equation 419

In a dimensionless representation where time is measured in units of the mean
collision time at the reference temperature 7j and density is given in units of the
total density, the rate constants read

K1) = P(T/T) " exp (~Ef, /4 T) | (2.26)

/
The dimensionless forward rate constant k'f(o) (To) is the probability that a col-
lision between an A and a B particle results in a reaction, provided that the
reactant particle velocity distribution is a maxwellian with temperature Ty. In
the case of a small steric factor or a high activation energy this probability is
small, and the chemical reaction is slow in terms of the collision frequency. In §4

!
we investigate whether a small value of kEO) necessarily justifies the equilibrium

assumption usually made for the translational mode.

3. Numerical method of solution

(a) Scalar form of the Boltzmann equation

For the idealized geometrical situation considered in this work, the structure
of the Boltzmann collision operator (2.2) can be simplified substantially. By as-
suming the velocity distribution functions to be isotropic, fo(v,t) = fo(v,t),a =
A, B, C, D, the fivefold integral in equation (2.2) can be reduced to a twofold inte-
gral. The remaining equation is the so-called ‘scalar Boltzmann equation’ (cf. Ziff
(1980), Ernst (1981) and Kiigerl (1989) for the non-reactive case). It will be the
starting point for the numerical solution of the Boltzmann equation.

It is convenient to change from the velocity representation to the energy rep-
resentation of the distribution function by the transformation

(m32) Gy (z,t) dz = 470v? fo (v, t) dv, (3.1)
with z = %mvz. The equilibrium distribution function then reads for instance

G zyng,T) = gj—;(m/@T)"‘g/z exp (—%) . (3.2)

According to the transformation (3.1), the Boltzmann equation (2.1) can be writ-
ten in the form (cf. Kiigerl 1991)

- Aﬁ -
[Ga ] s I8 T
Bg BA
. GB JBB Jpe
()22 = Y + (3.3)
o | ag B=A,...D | J<B JED
=A,..., CB AB
__GD i \_J]])Dg | LJIB?E _

Phil. Trans. R. Soc. Lond. A (1993)
15 Vol. 342. A
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420 G. Kiigerl

with the collision integral
J,%a:/ dxl/ dzh R ml,x2|9:1)

x [y (), )Go(2h, t) — Gal(21,)Ga(ah + o — 21+ QS5,1)] . (34)

The scalar scattering kernel is defined by

2
R:g(mll,m'ﬂa:l) 39m 3/d'vl/dv2/dv1/d'v 75 (Amg")
x8(v + vy — v1 —v2)6 (ng — img® + Qaﬂ)
X6 (acl — %mv%) o (ac'l %mv’12> 6 (m’2 2mv§2) , (3.5)

with ¢ = |v] — v4| and g = |v; — v2|. The quantity Q:g denotes the heat of
reaction which is released in the bimolecular transition (vy,8) — (e, 3). One has

Q%’) =0 for elastic scattering, Q58 =Q, QAB = —q, (3.6)
with Q% = Q5"

The scalar scattering kernel R:g (x}, z5]z1) describes the probability density
for the transition of two particles (v, §) with energies (z, z5) to particles of kind
(o, B) with energies (z1,z) + =6 — z1 + Q:g ). For isotropic cross sections, as
considered in this paper, the multiple integral (3.5) can always be reduced to a
onefold integral. For the cross sections introduced in §2 b, even the remaining

integral can be evaluated analytically, so that a closed representation of all scalar
scattering kernels is possible. The results are presented in Appendix A.

(b) Multigroup method

For the numerical solution of equation (3.3) the ‘multigroup method’ is used.
This numerical procedure proved to be very efficient for solving the (linear) neu-
tron transport equation (see, for instance, Bell & Glasstone 1970). Recently, its
range of application has been extended to nonlinear transport problems (Kiigerl
& Schiirrer 1990).

The molecular energy axis 0 < z < oo is restricted to a finite interval [0, z ]
which is then discretized into a uniform grid with the grid points

z;=Az(i—3), i=12,...,N, (3.7)

with Az = zn/N. According to this discretization, the distribution function is
replaced by the grid function

GL(t) = Ga(Tiyt), i=1,2,...,N, (3.8)
and the scalar scattering kernel is reduced to the scattering coefficients
i
(RBSF),, = B35 @x,@il@:), ik,1=1,2,...,N. (3.9)

The restriction to a uniform grid further requires that the heat of reaction and
the activation energies are integer multiples of Ax. In the case of the heat of

Phil. Trans. R. Soc. Lond. A (1993)
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Solution of the Boltzmann equation 421

reaction this assumption reads
Q =qArz, q=0,1,2,3,... (3.10)

All integrals over the molecular energy variable x are now approximated by
the composite midpoint rule,

oo N
/0 dz o(z) = Az Z o(Z;). (3.11)
1

i=

Through this approximation, the particle and kinetic energy densities are defined
by (cf. equations (2.3), (3.1) and (3.8))

N

(1Y

(3pmeg, ) =dem®23 a1 (5 ) 6Lt (3.12)
i=1

By applying the composite midpoint rule to the Boltzmann equation, one obtains
the following system of ODEs

i - 1O ATEN _ -
G (as)s (J8B):
Gi (J58y, (JBA)Y,
B d B Bp DC /i
(m*z) 2| = . L P (3.13)
L B=A,D | (ISR (JAB )i
i DCY .
LGp (B8, | LUER):
where ¢ = 1,2,..., N. The collision ‘integrals’ are defined by
N .
% ) i
(J58)i = Aa? 1;1 (RZ). (GhGE - GLGEH=HT), (3.14)
with
¢ =Q% /A, (3.15)

This multigroup method has the favourable property that all the fundamental
characteristics of the Boltzmann equation are preserved (cf. Kiigerl 1991). The
solutions of equation (3.13) conserve particle number and energy, and they obey
an H-theorem. Moreover, it can be shown that the equilibrium solution must
have the form

. ned B
I (ngh, T) = m exp(—Bz;), (3.16)
where the equilibrium densities satisfy the law of mass action
Nednil
—S—&; = exp(Bq Az). (3.17)
N

The quantity B is defined in terms of the temperature through the nonlinear

Phil. Trans. R. Soc. Lond. A (1993)
15-2
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422 G. Kigerl

equation
N
S5/ (7 — 34T exp(~Bz:) = 0, (3.18)
=1

and S(B) is given by
N
S(B) = Az 3" z}"% exp(—Bz;). (3.19)
=1

As demonstrated in Kiigerl (1991) by means of a numerical example, B and
S(B) converge rapidly to 1/kT and %7‘[‘1/ 2B-3/2 respectively, for decreasing Ax
and sufficiently large z, a result of the second-order accuracy of the composite
midpoint rule. Hence the equilibrium solution (3.16) can be called a discretized
maxwellian (cf. equations (3.2) and (3.16)).

(¢) Initial conditions

The initial state of the gas is chosen to be a pure stoichiometric mixture of the
reactants,

NAg = NBo — %n, (320)
Nnco = Npo — 0, (321)

with both components A and B having the same initial temperature 7. As a
result of equations (3.20) and (3.21) one has nc = np = 3n —na = 3n — ng for
all times. The initial velocity distribution functions are taken to be maxwellians
(2.8) with number density n,o and temperature Tp. The initial values of the
grid functions (see equation (3.8)) for the multigroup equations (3.13) then read
(cf. equation (3.16))
GKO = GZBO = m exp(—Bo:T:Z-), 1= 1, 2, ey N, (322)

GLy=GhH, =0, i=1,2,...,N; 3.23
Co 0

By is found as the zero of equation (3.18) with T' = Tp; Sp then follows from
equation (3.19).

Using the various cross sections introduced in §2b, it can be deduced from
the Boltzmann equation (2.1) that if fo = fg, fc = fp at some initial time,
this symmetry holds for all future times. The special choice of initial conditions
implies therefore that

Gi(t) = Gg(t), Go(t) =Gh(t) (3.24)

for all times ¢t > 0. Note that this conclusion also depends on the fact that all
particles are assumed to have equal mass. As a result of the symmetry (3.24), the
dimension of the set of multigroup equations (3.13) can be reduced from 4N to
2N.

(d) On the choice of the cut-off energy xn

Before moving to the numerical solution of equation (3.13), a few ‘technical
details’ arising in the multigroup method must be clarified. The first concerns

Phil. Trans. R. Soc. Lond. A (1993)
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Figure 1. Equilibrium product density and temperature against heat of reaction.

the choice of the cut-off energy xn. It is clear that xn must be large enough
so that particles ‘hotter’ than z can be ignored in regard to their contribution
to the gas-dynamical effects. In practice this means that one has to increase
xn until a sufficient convergence of the numerical results is achieved. However, a
good estimate for the cut-off energy can be found on physical grounds. To this end
consider the temperature increase during the reaction process. The equilibrium
value of the reactant density ngy is found as the zero of the equation (cf. equations
(2.9) and (2.22))

(g5 /) Q/To ) | )

L —nSmz P (1 + 2(Q/KTo) (n&/n)

Substitution of n¢y' into equation (2.22) gives the equilibrium temperature 77°9.
Figure 1 shows ng' and 7°% as functions of the heat of reaction.

The value of xn must be related to the highest temperature reached during
the relaxation process, which in the present case is T°%. As far as the density
and the temperature at chemical equilibrium are concerned, zy = 10kT°Y is a
sufficiently large parameter; cutting-off a maxwellian at xy = 10T results in a
relative error for n and T of the order of 10~% and 10~3, respectively. An error
of this size was accepted in the computations presented in this paper.

Yet it is clear that not necessarily all relevant particles are included within the
energy range 0 < x < 10xT°4. This is the case if the heat of reaction or the
activation energies are greater than 10k7°9. Since E; is the largest of the values
Q, Ef and E}, we restrict the following considerations to E}. If EX > z, then
those hot C and D particles which can lead to reverse reactions, are not sufficiently
considered by the numerical model. In addition to the above condition we require
therefore that zn > EY, which leads us to

zn = max(10sT°Y, E). (3.26)
Indeed, equation (3.26) is found to be a good estimate in the sense that the results
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Table 1. Numerical values of collision and reaction rates

N oy EOKD B/

20 1.1487 1.0247 1.1198
40 1.0551 1.0241 1.0790
80 1.0187 1.0111 1.0339
160 1.0061 1.0044 1.0130

obtained with a value larger than xp, say 1.5z, differ only insignificantly from
the results obtained with x .

e) Improvement of the numerical convergence
Y

In practical applications of the multigroup method, the number of grid points
N is restricted to a maximum value depending on the available computer capacity.
As a result, the rates on the right-hand side of equation (3.13) are affected with
a numerical error which falsifies the speed of the reaction. It is the subject of this
subsection to estimate this error and to correct it.

Imagine for the moment, the reaction process is so gentle that the gas is always
in perfect kinetic equilibrium. It is clear that then the Boltzmann equation and
the chemical rate equations must lead to the same results concerning the densities
and the temperature. To find out if that is the case, consider the numerical values
for the collision rate (2.25) and the reaction rates (2.24):

N .
§(T) = % 1- k;‘_l (RAR) Tk(n, 1T (n,T), (3.27)
=Ly (RSR)! Ik(na, T)h(ne, T), (3.28)
nNANB ikl=1 kl
8 1 N i
) Fﬁ,g; (R&B), T&(nc, T)Ih(np, 7). (3.29)

The equilibrium distribution I, is given by equation (3.16), and the scattering
coefficients are found by inserting equations (A 5), (A 8) or (A 15) into equation
(3.9). Table 1 illustrates the relative difference of the numerical values from the
exact ones. In this example, xny = 20T, Q = Ef = 3xT was used. A satisfactory
convergence for an increasing number of grid points NV can be detected. However,
table 1 indicates that although the gas is assumed to be in perfect kinetic equilib-
rium, the numerical solution of the Boltzmann equation and the solution of the
chemical rate equation will in general not give the same result. The deviations
decrease with increasing N, but a numerical error of a few percent may well be
the case in practice.

To eliminate this error, we weight the two terms on the right-hand side of
equation (3.13) with the reciprocal of 7/v and ]~€§0) / kﬁo), respectively, and obtain
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Solution of the Boltzmann equation 425
instead
3~ 3\1/2 d v ap kf(o) af
(m°Z;) &Ga =3 Z (Ja,g )i + :—(_67(‘]’75 )is (3.30)
B=A.,...D ks

where o = A,B,C,Dand ¢ =1,2,..., N. Note that 7/v and %EO)/kS)) depend on
temperature and therefore implicitly on time.
This correction of the rates has the following effect: if the reaction proceeds

too fast, for instance, because of the numerical insufficiency %go) / k§0) > 1, it is

slowed down by the factor kﬁo) / kf(o). Similarly, the numerical collision rate o is
adjusted to the ‘true’ value v, by multiplying with /. As a result, the numerical
error arising from the finite number of grid points, which falsifies the speed of
the reaction, is eliminated. We point out that this correction has of course no

physical implications, since 7/v and kf(o)/ kgo) tend to one as N increases. It is
introduced only to improve the convergence of the multigroup method.

Two comments are necessary. First, the kinetic equilibrium is disturbed by
the reaction. As we shall see, however, this disturbance affects mainly the tail
of the distribution function. Hence it can be expected that the above correction
factors apply also in the case of kinetic non-equilibrium. Secondly, the gain and
the loss terms in the reactive collision integral are weighted with the same factor
k§0) / k§0). (In the case of a separate weighting with kgo) / kEO) and kﬁo)/ kﬁo), the
conservation laws and the H-theorem would be violated in the numerical scheme.)
This falsification of the loss term is of no consequence, if the reverse reaction rate
has only minor influence on the history of the process, as is the case for the
combustion-type reactions considered in this paper.

The numerical results presented in the next paragraph were obtained with a
cut-off energy given by equation (3.26) and a grid point number N such that
Az ~ kT, A mesh size of approximately kT°? was found to be sufficient for a
satisfactory convergence of the numerical scheme.

4. Numerical results

(a) Very fast reactions

For the numerical solution of equation (3.30) the standard techniques for ODEs
can be applied. For activation energies Ef less than approximately 8xTp, the
classical Runge-Kutta method and the explicit midpoint-rule with polynomial
extrapolation proved to be efficient. Both methods, however, are useless if the
system (3.30) is stiff. Stiffness arises if the typical time for chemical relaxation
is much slower than the translational relaxation time. This is caused by high
activation energies (Ef X 8xTp). In that case, equation (3.30) was solved by
means of the package LSODE by Hindmarsh which is based on a variable-order
backward differentiation formula (cf. Fatunla 1988). The chemical rate equation
(2.21) was solved by means of Runge—Kutta for all ranges of parameters.

In presenting numerical results we begin with ‘very fast reactions’, i.e. reactions
which are completed after only some ten collision times. This is the case for low
activation energy, Ef S 3xTp. As a reference time, here and in the following the
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r=1 Figure 3
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Figure 2. Product density against time. Solid curve, solution of the chemical rate equation using

the Arrhenius law; dashed curves, densities obtained from solutions of the Boltzmann equation for
various values of the steric factor; Q@ = 20xTy, Ef = 3xTp.

Figure 3. Temperature against time. T4, Tc and T, species temperatures and mean tempera-

ture obtained from Boltzmann equation; 7', temperature according rate equation. Q = 20xTy,
Ef =3kTo P=1.

initial mean collision time
to = v(Tp) ™ ? (4.1)

is used, with the collision frequency v given by equation (2.25). Figure 2 shows
the time evolution of the reactant density for a very fast reaction with high heat of
reaction. A considerable deviation of the kinetic theory based density profile from
the one obtained with the chemical rate equation can be seen. For the solution of
the rate equation (2.21), the Arrhenius rate constants (2.24) were used, with the
temperature taken from equation (2.22). For a steric factor P = 1, the reaction
proceeds more slowly if predicted by the Boltzmann equation. However, as P is
decreased, the results of the two different descriptions converge quickly.

Figure 3 displays the change in temperature during the reaction. In the fast pro-
cess under consideration, the product molecules find not enough time to transfer
all their excess energy to reactant molecules. As a result, the product tempera-
ture is much higher than the one of the reactants throughout the reaction. One
striking thing is a kind of ‘initial boundary layer’ in the product temperature T¢.
As shown in Appendix B, the mean energy of a C or D particle emerging from a
reactive encounter is

ESD = 1(Q+ Bf) + 1sT, (4.2)

where T' is the temperature of the reactants. At the very start of the reaction,
the components C and D are made up entirely by hot molecules. Hence one finds
for the temperature of the product particles in the beginning of the reaction

T8 2E<(:+1)3 Q-+ E}

To 3T 3kTp
Phil. Trans. R. Soc. Lond. A (1993)
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. kf
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Figure 4. Rate constants against time. Solid curves, rate constants obtained from Boltzmann
equation; dashed curves, Arrhenius rate constants; parameters as in figure 3.

which is in agreement with the numerical value obtained from the Boltzmann
equation.

Once formed, C and D particles slow down in the ‘cold’ reactant gas. In the
course of time, molecules which have already suffered a few collisions start to
dominate the average kinetic energy of the C and D components. In the present
case, however, the reaction is too fast for an assimilation of the product and reac-
tant temperatures before chemical equilibrium is reached. Figure 3 also displays
the mean temperaure
T = 1 Z NoTn = M (4.4)

™ 4=A....D nA +nc

as well as the temperature according to the rate equation, T'. The latter shows a
faster equilibration than the ‘Boltzmann’ temperature T, which is in accordance
with the density plot.

Next we consider the time evolution of the rate constants (see figure 4). The
equilibrium values are taken from the Arrhenius law (2.24) with T' = T. The
non-equilibrium rate constants are defined by

1RO X

k() = @ RSB GK(H)Gh (1), 4.5

() NANB kéo) sz:l=1< AB>kl A(t)Gg(t) (4.5)
_ 1 k& AB\! vk ()l

50 = onn 50 ,;:1 (RCD)leC(t)GD(t), (4.6)

with G, (t) being the solution of the multigroup equations. Equation (4.5) is the
discretized version of the definition of the forward rate constant (2.23). For a

discussion of the numerical correction factor kEO)/ IEEO) see §3e. As can be seen

from figure 4, the equilibrium forward rate constant kgo) is slightly higher than
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Figure 5. Ratio of actual rate constant and Arrhenius rate constant against time; (i) k./ S (Te);
(ii) ke/ kéo)(TA); symbols, Monte Carlo results by Koura (1973); parameters as in figure 3.

k¢ throughout the reaction process, which causes the solution of the chemical
rate equation to reach equilibrium faster than the outcome of the Boltzmann

equation (see figure 2). The reason for this difference lies in the fact that the

mean temperature T' which enters kgo) is higher than the species temperature

Ta. As far as the reaction products are concerned, the opposite applies. Here
the species temperature T¢ is much higher than T'. As a result k; is larger than
kﬁo) by some orders of magnitude (see figure 4). This huge difference, however,
has only minor implications on the history of the process. Despite the increased
reverse rate constant, the reverse reaction rate is only small compared to the
forward rate during the interval 0 < ¢ < 8t.

Finally, the ratio of non-equilibrium and equilibrium rate constants is consid-
ered, but now with reference to the species temperatures rather than to the mean
temperature (see figure 5). Such an illustration of the non-equilibrium rate con-
stants was chosen by Koura (1973) who solved the Boltzmann equation for a very
similar model gas by means of a Monte Carlo method. A good agreement of the
present results with the Monte Carlo ones can be detected from figure 5.

For a more detailed investigation of very fast reactions, especially for a discus-
sion of the results in terms of non-equilibrium velocity distribution functions, the
reader is refered to the work of Koura.
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(b) Fast reactions

We now focus attention on systems with high activation energy (Ef 2 8kTp).
In this case, the probability for a reaction between an A and a B particle is small,

li
K9 = Pexp (—Ef /kTp) < 1. (4.7)

Chemical equilibration requires therefore many hundreds or thousands of mean
collision times. Yet in all cases under consideration in the present paper, the reac-
tion time is small on a macroscopic timescale. Hence we speak of ‘fast reactions’
with reference to the terminology used in chemical kinetics.

As in the previous subsection, only reactions with large heat of reaction are
examined. The solutions of the Boltzmann equation then describe a thermal ex-
plosion, as can be seen from figure 6. A thermal explosion is characterized by a
relatively long induction period during which the densities and the temperature
change only slightly, followed by a sudden increase in product density and tem-
perature. Once the system has ‘ignited’, it passes into chemical equilibrium, as
described by equations (2.8) and (2.9).

An estimate of the ignition time ¢; can be obtained from the chemical rate
equation in the form of an asymptotic expansion in terms of the small parameter
kTo/Ef (see, for example, Strehlow 1988). For the present model gas one finds

t; (K,To)z ( Ef ) A k)
— = 142 e 4.
o 6 QB; exp Ty + B + , (4.8)

where tq is the initial mean collision time defined by equation (4.1). The ignition
times depicted by figure 6 are in good agreement with ¢;.

However, a comparison of the Boltzmann results with the solution of the chem-
ical rate equation reveals that the kinetic theory model gives a slightly premature
ignition. As an example, we consider the parameter case Q = 20xTp, Ef = 10Ty
(see figure 7). For decreasing steric factor P, the outcome of the Boltzmann equa-
tion converges quickly to that of the rate equation. But for P = 1, a shortening
of the induction period of about 7% can be seen. This deviation is remarkable if
one considers that in the present case initially only one in about 22 000 collisions
between A and B particles is reactive.

Before going on with the explanation of this non-equilibrium effect, we briefly
discuss the time evolution of the temperatures (figure 8). As in the case of ‘very
fast reactions’, an initial boundary layer in the temperature profile of the reactant
molecules can be detected. In the present case, however, where the reaction is slow
in terms of the collision frequency, the hot C and D particles have enough time
to thermalize in the cold A, B gas. As a result, Tc converges close to Tz in the
induction period. Note that when ignition sets in, the product temperature T¢
grows faster than the reactant temperature T'a.

For a discussion of the shortening of the ignition time, we next consider the
time evolution of the reaction rate constants (figure 9). As in the ‘very fast re-
action’ case, the reverse rate constant obtained from solutions of the Boltzmann
equation is hugely increased compared to the Arrhenius law. This non-equilibrium
effect, however, has no implications on the reaction process, because the reverse
rate can be neglected against the forward rate throughout the induction period.
Much more important is the slightly increased forward rate constant. The non-
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Figure 6. Product density obtained from solutions of the Boltzmann equation against time for
various values of Ef; Q = 20kT,, P = 1.

Figure 7. Product density against time. Solid curve, solution of the chemical rate equation us-
ing the Arrhenius law; dashed curves, densities obtained from the Boltzmann equation for various
values of the steric factor; Q = 20xkTy, Ef = 10kT,.

Figure 8. Temperature against time. T's, T, species temperatures obtained from Boltzmann equa-
tion; T', temperature from rate equation. Q) = 20kTy, Ef = 10kTy, P = 1.
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Figure 9. Rate constants against time. Solid curves, rate constants obtained from Boltzmann equa-
tion; dashed curves, Arrhenius rate constants; parameters as in figure 8.

Figure 10. Ratio of actual rate constant and Arrhenius rate constant against time; parameters
as in figure 8.
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logarithmic representation given by figure 10 shows that the actual forward rate
constant k¢, after an initial stage of relaxation is almost steadily increased com-
pared to the Arrhenius rate kf(o). This increase, which amounts to approximately

7%, gives rise to the earlier ignition discussed above. Figure 10 displays a kind of

oscillation in the profile of k¢/ kf(o) (T) at the time when the system ignites. This
behaviour which has no physical consequences is caused by the slight difference

between Ta and Tc (and hence between Tx and T') during ignition. A plot of

ke/ kgo) with reference of kf(o) to Ts rather than to T shows no such oscillation
(see figure 10).

The reason for the deviation of the rate constants from the Arrhenius law can
be found in a kinetic non-equilibrium of the gas particles. Figure 11 shows the
velocity distribution function of the product molecules during the initial stage
of the reaction. Note that the chosen velocity unit varies with time. In the very
beginning of the reaction, fc has the shape of a gaussian distribution. In order
to give an estimate for the molecular velocity ¥ for which this ‘birth spectrum’ of

product particles has its maximum, we consider that the mean energy of product

particles is initially Eéfl)), given by equation (4.2). For the peaked gaussian shown

in figure 11, the square of the mean velocity, 72, equals approximately the mean
square velocity, v2, so that we have

1mi? ~ Imu? = ES1). (4.9)
Considering that the initial velocity unit is determined by the temperature T
defined by equation (4.3), we find for the location of the initial peak of the product

particle distribution
o/ (@eTc/m) = /3, (4.10)

which is in agreement with the location of the maximum of fc(t = 0.01tg) (see
figure 11). We note that a good fit to the birth spectrum of product particles can
be obtained by assuming a gaussian with a mean square velocity given by 72 and
a mean square fluctuation equal to the one of a maxwellian.

In the course of a few mean collision times, the distribution of product particles
tends towards a maxwellian in the thermal velocity range. However, the high
energy tail of the distribution function is hugely overpopulated throughout the
induction domain, as can be seen from figure 12. This overpopulation causes the
huge increase of the reverse reaction rate constant.

We next turn attention to the distribution function of the reactant molecules
which is responsible for the increased forward rate constant, and consequently for
the earlier ignition. Figure 13 displays the energy distribution G (z,t) relative
to the equilibrium distribution G3*(z; na,Ta) at various times during the induc-
tion period. A perfect Maxwell distribution in the thermal energy range can be
detected, but for particle energies larger than approximately Ef, the distribution
function is highly overpopulated. Although only small in its absolute amount,
this excess of hot particles is sufficient for the noticeable increase of the forward
rate constant.

Figure 14a—d shows further comparisons of the Boltzmann results with the
solution of the chemical rate equation. The Boltzmann equation was not always
solved until chemical equilibrium was reached but in some cases only until ignition
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Figure 11. Normalized velocity distribution function of product molecules at various times during
the initial boundary layer; parameters as in figure 8.

Figure 12. Energy distribution function of product molecules relative to equilibrium distribution
at various times during the induction period; parameters as in figure 8.

45 .
3
P
e
< ]
0
"_1_IIlI|III|[II|l|IllI||III|III1_|
0 10 20 30

x/kT,

Figure 13. Energy distribution function of reactant molecules relative to equilibrium distribution
at various times during the induction period; parameters as in figure 8.

set in. This was done in order to save computing time. If we do not follow the
system until the final temperature is reached, a smaller cut-off energy can be
used in the numerical method. Therefore a smaller number of grid points can
be chosen for a given Az, which reduces the number of equations in the system
(3.30). Such a broken run, however, reveals all the information required for the
determination of the non-equilibrium effects in the reacting gas.

It can be seen from the examples presented in figure 14, that the density profiles
obtained from the Boltzmann equation and those from the rate equation are
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Figure 14. Product density against time. Solid curves, densities obtained from Boltzmann
equation; dashed curve, solution of the rate equation using the Arrhenius law; steric factor
P =1; (a) Bf =8kTy, (b) Ef =10xTy, (c) Ef =12xTy, (d) Ef = 14kT.

approximately the same for Q = Ef. For Q > 2Ef, however, the induction
period is considerably shortened. An earlier ignition can be detected even for
Ef = 14kT), where initially only about one in one million collisions between A
and B particles is reactive.

We note that the non-equilibrium distribution functions of the reactant par-
ticles are in all cases under consideration qualitatively the same as those shown
in figure 13. Above Ef, the distribution functions are highly overpopulated com-
pared to the equilibrium distribution. In a logarithmic representation this over-
population increases almost linearly with the particle energy. This suggests that
the non-equilibrium distribution function of the reactant particles during the
induction period is an overlap of two maxwellians.

5. Summary and discussion of results

The present research shows that in chemical reactions with large heat release
the velocity distribution functions may be perturbed to such an extent that the
non-equilibrium contributions to the chemical rate constants are noticeable. Both
reactions with low activation energy (Ef = 3xTp) and with high activation energy
(Ef > 8kTp) have been investigated. In the former case where the reactant and
product temperatures are considerably different throughout the reaction process,
the reaction proceeds more slowly if predicted by the Boltzmann equation. For
high activation energies, on the contrary, the reaction completes faster accord-
ing to the Boltzmann equation. The reason for this lies in an increase of the
forward rate constant caused by an overpopulation of the tail of the reactant
particle velocity distribution. In the case of high activation energy and high heat
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Figure 15. Shortening of the induction period of an adiabatic thermal explosion due to translational
non-equilibrium effects; steric factor P = 1. At = t& —t2; ¢tP and t$ are the ignition times obtained
from the Boltzmann equation and the chemical rate equation, respectively.
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of reaction, the present model gas undergoes an adiabatic thermal explosion. The
increased speed of reaction is equivalent to a shortening of the induction period.
Figure 15 displays the relative reduction of the ignition time due to translational
non-equilibrium effects in the reacting gas. Ignition is defined as the moment
where the product density has reached a fifth of its equilibrium value. For the pa-
rameters under consideration here, the shortening of the ignition time can amount
to 24%. We conclude therefore that a high activation energy is not sufficient for
the equilibrium assumption usually made in the collision theory of chemical re-
actions, if large heats of reaction (Q > Ef) are taken into account.

So far, however, only the results obtained for a steric factor P = 1 have been
summarized, whereas in real chemical reactions the steric factors are small. It
appears from a number of numerical examples that a decrease of P reduces the
extent of the non-equilibrium effects by exactly the same amount (see figures 2
and 7). Hence a small steric factor leads to kinetic equilibrium in the present
model situation, even if the disturbances due to reactive encounters are violent.

The numerical calculations were restricted to pure stoichiometric mixtures of
reactants and products, in which case the non-equilibrium contributions to the
rate constants are the largest. It can be expected that the addition of an inert gas
has a similar effect as a reduction of the steric factor, in that the presence of inert
molecules reduces the reaction probability per collision of a reactant particle. The
same applies if the mixture is not stoichiometric.

In discussing the implications of the present work on chemical kinetics one has
to reconsider the assumptions made in the formulation of the model problem.
One major assumption was the limitation to a single reaction step. It was found
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Solution of the Boltzmann equation 435

that the reverse rate constant in this single step is hugely increased as a result of
translational non-equilibrium of the product particles. Yet in the present case this
increase is of no consequence, since the reverse rate is negligible during the in-
duction period. If the products of a highly exothermic reaction step (1), however,
enter a consecutive step (2) with an energy threshhold, such as

(1) A+B—C+D,
(2) C+D—E+F,

this huge increase in the reaction rate of product particles concerns a forward
step. In this case the translational non-equilibrium effects may have a crucial
influence on the kinetics of the reaction process, even if the steric factors are
small.

A second point concerns the restriction to particles without internal degrees of
freedom. As became clear in the present research, the small ratio of translational
and chemical relaxation times does not necessarily imply that the translational
mode can be regarded as being in equilibrium during the reaction process. The
vibrational relaxation is much slower than the translational one. Hence a strong
overpopulation of high energy vibrational levels can be expected during fast and
highly exothermic reactions. The resulting corrections to the Arrhenius rate con-
stants may be much larger than those due to translational non-equilibrium. Fur-
ther research on the basis of more realistic model systems is encouraged.

I thank Professor J.F. Clarke of the Cranfield Institute of Technology for all his help and advice
given during the preparation of this work. The grant of an Erwin Schrédinger fellowship from the
Austrian Fonds zur Foérderung der wissenschaftlichen Forschung is gratefully acknowledged. My
thanks must also go to the British Science and Engineering Research Council for the use of a
SUN-Sparc station on which the numerical calculations were performed.

Appendix A. Evaluation of scalar scattering kernels

As stated in § 3 a, the multiple integral (3.5) can be reduced to a onefold integral
(cf. Kiigerl 1991). After lengthy but elementary manipulations one obtains instead
of equation (3.5)

E'? 6%)(E)
(B +Q)/2(a} + zf — B)1/2

z2
RS (@, ahlor) = dm®? [ dE (A1)
Z1

with the integration limits

z1=2max[<\/_ \/‘) _ JE)? - } (A2)
z2=2m1n[<\/—+\/—> (Va1 + va2)? - } (A3)

Here and in the following, x2 is defined by
m2=m’1+:c’2—a:1+Q?Y‘6B. (A 4)

It is the subject of this appendix to present the results of the evaluation of integral
(A1) for the various cross sections introduced in §2b.
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(a) Hard spheres

For a series of elastic transitions, such as (A,A)—(A,A), the cross section is
assumed to be constant (see equation (2.18)). Considering that in the case of

elastic scattering Qf:? = 0, the evaluation of equation (A1) is elementary. The
result can be presented in the form

. 1/2
Rﬁﬁ(wllawélwl) = (2m5)1/20 min (wllam,%ml’mll + $/2 - .’L‘1) / e(mll + $,2 - wl)a

(A5)

where © denotes Heaviside’s step function.

(b) Reactive hard spheres

For the reactive process (A,B)—(C,D), with Q%R ip = @, the line-of-centres
cross section (2.14) applies. Also in this case a closed analytic evaluation of
equation (A1) is possible by using the elliptic integrals of first and second kind
(Abramowitz & Stegun 1970),

sin A
FOvp) = [ de (12?721 p?) 712, (46)
0
and
sin A
Bvp) = [ de (1 -a?) 721 - pa?) 2, (A7)
0
respectively. The result is
RSE (), zh|z2) = Pom®/20,0,05
x{ (@} + 75+ Q)2 [E(\1,p) — E(2, )]

E% ;
_(xll _i_Qx_/;__'_fQ)l/z [F()‘lvp) —F()\2,p)]}_ (AS)

Here, the abbreviations

/ /
T+ Ty )
P = ——mm A1,2 = arcsin
i +xh+Q

s1 = 1 max [<\/—_ \/—_) \/E;) —2Q,2Ef} (A10)
32—2m1n{(\/7+\/7) \/_+\/m—z) —QQ] (A11)

have been used. The three ©-functions in equation (A 8) are defined by:

2
w’1+x’2—31,2>1/ , (A9)

/ /
Xy +m2

=O(z] + 74— 1 +Q), (A12)
62 = O[(zhah) /2 + (z122)/? - 1Q), (A13)
05 = O(s3 — F}). (A14)

The evaluation of equation (A 1) for the transition (C,D)—(A,B), with QAB =
—Q, leads to a similar result. However, because of the principle of microscopic
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reversibility (cf. Kiigerl 1991), the scalar scattering kernel RAE can readily be
obtained in terms of REB: :

RGP (a4, 7h|z2) = BB (21,2 + & — 21 — Q). (A15)

(c¢) Elastic scattering with non-constant cross section

Evaluation of equation (A1) for the elastic transition (A,B)—(A,B) with the
cross section given by equation (2.19) yields

RAR (2}, zhlz1) = RRA (2}, ahley) — § Pom® 26,6,

{4 =7 (5 - )

___ B (21 +25)1/? + (2 +2h — 51)'/?
@+ ap) 72 | @ + )V~ (o + 2 — 1) 2
(24 +25)'/% + (@) + @) — 32)1/2] }

—1
N @ )2 = (2, + 7 — 52)1/2

(A 16)

The abbreviations s1,s2,0; and O3 are defined by equations (A10), (A11),
(A12) and (A 14), respectively, with @ = 0. The result for RS is the same
as (A 16), except that E} has to be used in equations (A 10), (A 14) and (A 16),
instead of EY.

Appendix B. Mean energy of reaction products

We finally state a few mean energies involved in the binary reaction process.
To calculate the mean energy of the product particles emerging from a reactive
collision, we start with the energy which is lost on average if an A and a B particle
react:

_ Jdvy [dv (%mvf + %mvz2) gosfa(vi1) fe(va)

Jdvy fdva gogfa(v1) fB(v2) ’

with ¢ = |v; — v2|. Assuming an equilibrium distribution for fao and fg and
using the reactive hard sphere model (2.14), the integral equation (B1) can be
evaluated after a transformation to centre-of-mass coordinates. One finds for the
mean energy of an A or B particle entering a reactive collision:

EC) (B1)

ES) =1EC) = 1Ef 4+ 1T, (B2)

The mean energy of a C or D particle emerging from a reactive collision, Egl)),
can now be obtained by considering that the total postcollisional kinetic energy is
the sum of the precollisional energy and the heat of reaction. The result is given

by equation (4.2).
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